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THE ENTANGLED ERGODIC THEOREM AND AN
ERGODIC THEOREM FOR QUANTUM “DIAGONAL
MEASURES”
FRANCESCO FIDALEO
Abstract. Let U be a unitary operator acting on the Hilbert
space H, α : {1, . . . , 2k} 7→ {1, . . . , k} a pair–partition, and finally
A1, . . . , A2k−1 ∈ B(H). We show that the ergodic average
1
Nk
N−1∑
n1,...,nk=0
Unα(1)A1U
nα(2) · · ·Unα(2k−1)A2k−1Unα(2k)
converges in the strong operator topology when H is generated by
the eigenvectors of U , that is when the dynamics induced by the
unitary U on H is almost periodic. This result improves the known
ones relative to the entangled ergodic theorem. We also prove the
noncommutative version of the ergodic result of H. Furstenberg
relative to diagonal measures. This implies that
1
N
N−1∑
n=0
UnAUn
converges in the strong operator topology for other interesting sit-
uations where the involved unitary operator does not generate an
almost periodic dynamics, and the operator A is noncompact.
Mathematics Subject Classification: 37A30.
Key words: Ergodic theorems, spectral theory.
1. introduction
The investigation of ergodic properties of classical dynamical sys-
tems has a long history. As an example, we mention the well–known
ergodic hypothesis (cf. e.g. [10], Section 4) which can be viewed as a
justification of the microcanonical distribution in statistical mechanics.
We refer the reader to [13] for a nice introduction, and the monograph
[2] for the basic results and further details.
Recently, the ergodic theory of noncommutative dynamical systems
has been an impetuos growth in relation to the natural applications to
quantum (statistical) physics. In view to other potential applications,
it is of interest to understand among the various ergodic properties,
which ones survive by passing from the classical to the quantum case.
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We mention the pivotal paper [12], where such a program is carried out
for some basic recurrence, as well as multiple mixing properties.
Notice that it is in general unclear what should be the right quantum
counterpart of a classical ergodic property. For example, the reader
can compare the property of the convergence to the equilibrium (i.e.
ergodicity for an invariant state ω)
lim
N→+∞
1
N
N−1∑
n=0
ω (B∗αn(A)B) = ω (B∗B)ω(A)
suggested by the quantum physics, with the standard notion of ergod-
icity
lim
N→+∞
1
N
N−1∑
n=0
ω(Aαn(B)) = ω(A)ω(B) .
See [7], Proposition 1.1 for further details.
A notion which is meaningful in quantum setting is that of entangled
ergodic theorem, formulated in [1] in connection with the central limit
theorem for suitable sequences of elements of the group C∗–algebra of
the free group F∞ on infinitely many generators.
The entangled ergodic theorem was clearly formulated in [11]. Namely,
let U be a unitary operator acting on the Hilbert space H, and for
m ≥ k, α : {1, . . . , m} 7→ {1, . . . , k} a partition of the set {1, . . . , m}
in k parts. The entangled ergodic theorem concerns the convergence in
the strong, or merely weak operator topology, of the multiple Cesaro
mean
(1.1)
1
Nk
N−1∑
n1,...,nk=0
Unα(1)A1U
nα(2) · · ·Unα(m−1)Am−1Unα(m) ,
A1, . . . , Am−1 being bounded operators acting on H.
Expressions like (1.1) naturally appear also in [12] relatively to the
study of the multiple mixing. Namely, suppose that the dynamics of a
(concrete) dynamical system is unitarily implemented by the unitary
U , and the vector Ω is invariant under U .1 Then firstly in [8], and more
recently in [12], the behavior of the multiple correlations
(1.2)
1
N
N−1∑
n=0
ω
(
A0Ad
n
U(A1) Ad
2n
U (A2)
) ≡ 1
N
N−1∑
n=0
〈UnA1UnA2Ω, A∗0Ω〉
has been studied in connection with the (1, 2)–multiple mixing or merely
ergodicity. Notice that (1.2) is the particular case of (1.1) relative to
1Notice that this is always the case by considering the GNS covariant
representation.
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the (trivial) pair–partition of two elements. Just by considering the
simplest case of the partition of the empty set, the limit of the Cesaro
mean in (1.1) reduces itself to the well–known mean ergodic theorem
due to John von Neumann (cf. [13])
(1.3) s−lim
N→+∞
1
N
N−1∑
n=0
Un = E1 ,
E1 being the selfadjoint projection onto the eigenspace of the invariant
vectors for U .
Some applications of the entangled ergodic theorem are discussed
in [6]. Apart from the other potential applications to the study of
the ergodic properties of quantum dynamical systems, the entangled
ergodic theorem is a fascinating self–contained mathematical problem.
It is certainly true if the spectrum σ(U) of U is finite. Some very
special cases for which it holds true are listed in [11]. It was shown
in [5] that the entangled ergodic theorem holds true in a sufficiently
general situation, that is when the operators A1, . . . , Am−1 in (1.1) are
compact.
The first part of the present paper is devoted to prove the entangled
ergodic theorem in the case when the unitary U is almost periodic (i.e.
when H is generated by the eigenvectors of U) and α : {1, . . . , 2k} 7→
{1, . . . , k} a pair–partition, without any condition on the operators
A1, . . . , A2k−1. This result improves those in Section 3 of [5] relative to
the almost periodic case, where only very special pair–partitions were
considered.
The entangled ergodic theorem is not yet available in the full gener-
ality. Then it is natural to address the problem to find other nontrivial
cases for which it holds true.
Another situation of interest arises from the generalization to the
noncommutative setting, of the ergodic theorem of H. Furstenberg rel-
ative to diagonal measure (cf. [8, 9]). This is precisely the argument
of the second part of the present paper. Namely, we prove an ergodic
theorem relative to possibly noninvariant and nonnormal states, which
is the generalization of Theorem 3.1 of [9] relative to the Abelian case.
This allows us to prove the following result. Let M be a von Neu-
mann algebra equipped with the adjoint action of an ergodic unitary
U , and a standard vector Ω which is invariant under U . Let M ′ be the
commutant von Neumann algebra of M . The state defined as
A⊗B ∈M ⊗M ′ 7→ 〈ABΩ,Ω〉 ,
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is precisely the quantum counterpart of the “diagonal measure” asso-
ciated to the product state
A⊗ B ∈M ⊗M ′ 7→ 〈AΩ,Ω〉〈BΩ,Ω〉 .
We show that the Cesaro mean
1
N
N−1∑
n=0
UnAUn
converges in the strong operator topology for each A ∈M ⋃M ′.
2. terminology, notations and basic results
Let X , Y be linear spaces. Their algebraic tensor product is denoted
byX⊗Y . IfH and K are Hilbert spaces, the Hilbertian tensor product,
that is the completion of H⊗K under the norm induced by the inner
product
〈x⊗ ξ, y ⊗ η〉 := 〈x, y〉〈ξ, η〉 ,
is denoted as H⊗K.
Let {Aα}α∈J ⊂ B(H) be a net consisting of bounded operators act-
ing on the Hilbert space H. If it converges to A ∈ B(H) in the weak
operator topology, respectively strong operator topology, we write re-
spectively
w−lim
α
Aα = A , s−lim
α
Aα = A .
Let U be a unitary operator acting on H. Consider the resolution
of the identity {E(∆) : ∆ Borel subset of T} of U (cf. [16], Section
VII.7). Denote with an abuse of notation, Ez := E({z}). Namely, Ez is
nothing but the selfadjoint projection on the eigenspace corresponding
to the eigenvalue z in the unit circle T.
The unitary U is said to be ergodic if the fixed–point subspace E1H
is one dimensional. By the mean ergodic theorem (1.3), it is equivalent
to the existence of a unit vector ξ0 ∈ H such that
lim
N→+∞
1
N
N−1∑
n=0
Unξ = 〈ξ, ξ0〉ξ0 ,
or equivalently,
lim
N→+∞
1
N
N−1∑
n=0
〈Unξ, η〉 = 〈ξ, ξ0〉〈ξ0, η〉 .
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The unitary U is said to be weakly mixing if there exists a unit vector
ξ0 ∈ H such that
lim
N→+∞
1
N
N−1∑
n=0
∣∣〈Unξ, η〉 − 〈ξ, ξ0〉〈ξ0, η〉∣∣ = 0 .
Of course, a weakly mixing unitary is ergodic. It is well–known that
the vice–versa does not hold. Indeed, U is ergodic if and only if E1H
is one dimensional. It is weakly mixing if and only if in addition,
σpp(U) = {1}, σpp(U) being the pure point spectrum of U (cf. [13]).
See e.g. [12].
The unitary U is said to be almost periodic if H = HUap, HUap being
the closed subspace consisting of the vectors having relatively norm–
compact orbit under U . It is seen in [12] that U is almost periodic if
and only if H is generated by the eigenvectors of U .
Define
(2.1) σapp(U) :=
{
z ∈ σpp(U) : zw = 1 for somew ∈ σpp(U)
}
.
It is immediate to verify that σapp(U) is a subgroup of the unit circle T.
Let α : {1, . . . , 2k} 7→ {1, . . . , k} be a pair–partition of the set
{1, . . . , k}. It is shown in Proposition 2.3 of [5], that the net{ ∑
z1,...,zk∈F
Ez#
α(1)
A1Ez#
α(2)
· · ·Ez#
α(2k−1)
A2k−1Ez#
α(2k)
:F ⊂ σapp(U) finite subsets
}
⊂ B(H)
converges in the weak operator topology to a bounded operator written
symbolically as
Sα;A1,...,A2k−1(2.2)
=
∑
z1,...,zk∈σapp(U)
Ez#
α(1)
A1Ez#
α(2)
· · ·Ez#
α(2k−1)
A2k−1Ez#
α(2k)
.
More precisely, the pairs z#α(i) are alternatively zj and z¯j whenever
α(i) = j, and finally the sum is understood as the limit in the weak
operator topology of the above mentioned net obtained by considering
all the finite truncations of the r.h.s. of (2.2).2
2If for example, α is the pair–partition {1, 2, 1, 2} of four elements,
Sα;A,B,C =
∑
z,w∈σapp(U)
EzAEwBEz¯CEw¯ .
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Fix a pair–partition β : {1, . . . , 2k + 2} 7→ {1, . . . , k + 1}. Let kβ ∈
{1, . . . , 2k+1} be the first element of the pair β−1({k+1}), and αβ the
pair–partition of {1, . . . , 2k} obtained by deleting β−1({k + 1}) from
{1, . . . , 2k+2}, and k+1 from {1, . . . , k+1}. Notice that, if x ∈ H is
an eigenvector of U with eigenvalue z0, then we obtain
(2.3) Sβ;A1,...,A2k+1x = Sαβ ;A1,...,Akβ−1Ez¯0Akβ+1,...,A2kA2k+1x .
For a (discrete) C∗–dynamical system we mean a triplet
(
A, α, ω
)
consisting of a C∗-algebra A, an automorphism α of A, and a state
ω ∈ S(A) invariant under the action of α.
A C∗–dynamical system
(
A, α, ω
)
is said to be ergodic if for each
A,B ∈ A,3
lim
N→+∞
1
N
N−1∑
n=0
ω(Aαn(B)) = ω(A)ω(B) .
It is said to be weakly mixing if
lim
N→+∞
1
N
N−1∑
n=0
∣∣ω(Aαn(B))− ω(A)ω(B)∣∣ = 0
for each A,B ∈ A.
Let
(H, pi, U,Ω) be the GNS covariant representation (cf. [15], Sec-
tion I.9) canonically associated to the dynamical system under consid-
eration. Then
(
A, α, ω
)
is ergodic (respectively weakly mixing) if and
only if U is ergodic (respectively weakly mixing), see e.g. [12].
Let s(ω) be the support of ω in the bidual A∗∗. Then s(ω) ∈ Z(A∗∗)
if and only if Ω is separating for pi(A)′′, Z(A∗∗) being the centre of A∗∗
(see e.g. [14], Section 10.17).
Denote M := pi(A)′′, and with an abuse of notation, α := AdU the
adjoint action of U on B(H). The commutant von Neumann algebra
is M ′ ≡ pi(A)′. For z in T denote
Mz = {A ∈M : α(A) = zA} , (M ′)z = {B ∈M ′ : α(B) = zB} .
The following results are probably known to the experts. We provide
their proof for the convenience of the reader.
3Notice that this definition of ergodicity for an invariant state differs from the
standard one. Indeed, an invariant state ϕ ∈ S(A) is said to be ergodic if it is
extremal among all the states of A which are invariant under the action of α.
It can be shown that if ϕ is asymptotically Abelian (or for an even and graded–
asymptotically Abelian state ϕ, when A is a Z2–gradedC
∗-algebra), both definitions
coincide. See e.g. [4], Section 3 for further details.
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Proposition 2.1. Let the C∗–dynamical system
(
A, α, ω
)
be such that
s(ω) is central. Then, with the previous notations,
MzΩ = (M ′)zΩ = EzH ,
and we can choose an orthonormal basis {uzαz}αz∈Iz ⊂ MzΩ (equiva-
lently {vzβz}βz∈Jz ⊂ (M ′)zΩ) for EzH.
In addition, σpp(U) = σpp(U)
−1, and if z ∈ σpp(U),{ (
Azαz
)∗
Ω√
ω
(
Azαz
(
Azαz
)∗)
}
αz∈Iz
is an orthonormal basis for Ez¯H whenever {AzαzΩ}αz∈Iz is an orthonor-
mal basis for EzH.
Proof. The fact that MzΩ is dense in EzH follows from Proposition
3.2 of [12]. Then, by exchanging the role between M and M ′, (M ′)zΩ
is also dense in EzH. By taking into account that the adjoint action
of U on M (or equivalently on M ′) is an automorphism, if A ∈ Mz
is nonnull, A∗ is a nonnull element of Mz¯, that is z ∈ σpp(U) implies
z¯ ∈ σpp(U)
For z ∈ σpp(U), choose an orthonormal basis {uzαz}αz∈Iz ⊂ MzΩ for
MzΩ which always exists by Zorn Lemma (see e.g. [16], Section II.6).
By the Parseval identity, a generic element x in the completion ofMzΩ,
the last coinciding with EzH, is written as
x =
∑
αz∈Iz
aαzu
z
αz ,
where {aαz}αz∈Iz ⊂ C is any square–summable sequence.
The last property follows as S⌈MzΩ (S∗⌈(M ′)zΩ) realizes an algebraic
antilinear isomorphism between MzΩ and Mz¯Ω ((M
′)zΩ and (M
′)z¯Ω),
S being the Tomita involution of M associated to the standard vector
Ω (cf. [14]). 
Proposition 2.2. Let the ergodic C∗–dynamical system
(
A, α, ω
)
be
such that s(ω) is central.
Then, with the previous notations, EzH is one dimensional for each
z ∈ σpp(U), and we can choose its single generator as VzΩ (WzΩ) for
some unitary Vz ∈ M (Wz ∈ M ′). Finally, z ∈ σpp(U) is a subgroup
of T.
Proof. Let z ∈ σpp(U) and choose nonnull elements A,B ∈ Mz which
always exist by Proposition 3.2 of [12]. Then A∗B = αI and BA∗ = βI
for some nonnull numbers α, β. Indeed, A∗BΩ is invariant under U .
Thus by ergodicity, A∗BΩ = αΩ, and by the fact that Ω is separating,
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A∗B = αI. In addition, suppose that α = 0. As AA∗ is a nonnull
multiple, say c, of the identity, we have AA∗B = 0, which means
B = 0, a contradiction. At the same way, we verify BA∗ 6= 0. Now,
α−1A∗ and β−1A∗ are left and right inverses of B. This means that
B is invertible and B−1 = α−1A∗. At the same way, A is invertible
too. Moreover, AB−1 = α−1AA∗ = α−1cI. This means A = α−1cB,
that is A is a multiple of B. In addition, in this situation AA∗ = cI
means that A is a multiple of the unitary A/
√
c. If z, w ∈ σpp(U), let
Vz ∈Mz, Vw ∈Mw be the corresponding unitaries.
Then VzVw ∈Mzw is nonnull, that is zw ∈ σpp(U). 
3. the entangled ergodic theorem in the almost periodic
case
The present section is devoted to the almost periodic situation, with-
out any restriction relative to the operators appearing in (1.1), and the
pair–partition α : {1, . . . , 2k} 7→ {1, . . . , k}. In this way, we improve
the results in Section 3 of [5] where only very special pair–partitions
were considered. We start by recalling for the reader convenience the
known results relative to the entangled ergodic theorem.
Let U be a unitary operator acting on the Hilbert space H, and for
m ≥ k, α : {1, . . . , m} 7→ {1, . . . , k} a partition of the set {1, . . . , m}.4
It was shown in Theorem 2.6 of [5] that the multiple Cesaro mean in
(1.1) converges in the weak operator topology when A1, . . . , Am−1 ∈
K(H), K(H) being the algebra of all the compact operators acting on
H. In the case of a pair–partition α : {1, . . . , 2k} 7→ {1, . . . , k}, we
have (cf. [5], Theorem 2.5),
w−lim
N→+∞
{
1
Nk
N−1∑
n1,...,nk=0
Unα(1)A1U
nα(2) · · ·Unα(2k−1)A2k−1Unα(2k)
}
=Sα;A1,...,A2k−1 ,
where A1, . . . , Am−1 ∈ K(H), and Sα;A1,...,A2k−1 is given in (2.2). After
passing to the finite rank operators, the Cesaro Mean in (1.1) dis-
entangles, and the proof follows by Lebesgue dominated convergence
theorem.
In order to treat the almost periodic case, from now on we suppose
in the present section that H is generated by the eigenvectors of U .
4A partition α : {1, . . . ,m} 7→ {1, . . . , k} of the set made of m elements in k
parts is nothing but a surjective map, the parts of {1, . . . ,m} being the preimages
{α−1({j})}kj=1.
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The proof of the following result relies upon the mean ergodic theo-
rem (1.3), by showing that one can reduce oneself to the dense subspace
algebraically generated by the eigenvectors of U .
Theorem 3.1. Let U be an almost periodic unitary operator acting on
the Hilbert space H. Then for each pair–partition α : {1, . . . , 2k} 7→
{1, . . . , k}, and A1, . . . , A2k−1 ∈ B(H),
s−lim
N→+∞
{
1
Nk
N−1∑
n1,...,nk=0
Unα(1)A1U
nα(2) · · ·Unα(2k−1)A2k−1Unα(2k)
}
=Sα;A1,...,A2k−1 .(3.1)
Proof. We treat the case of the partition {1, 2, 1, 3, 2, 3}, the general
case follows analogously. Fix ε > 0, and suppose that A,B,C,D, F ∈
B(H) have norm one. Let Iε be such that
∥∥∥∥x−
∑
σ∈Iε
Eσx
∥∥∥∥ < ε .
For each σ ∈ Iε, let Iε(σ) be such that
∥∥∥∥FEσx−
∑
τ∈Iε(σ)
EτFEσx
∥∥∥∥ < ε|Iε| .
By taking into account the mean ergodic theorem (1.3), choose Nε such
that
∥∥∥∥
(
1
N
N−1∑
n=0
(σU)n − Eσ¯
)
DEτFEσx
∥∥∥∥ < ε∑
σ∈Iε
|Iε(σ)|
,
whenever N > Nε and σ ∈ Iε, τ ∈ Iε(σ). Finally, for each σ ∈ Iε,
τ ∈ Iε(σ), let Iε(σ, τ) be such that
∥∥∥∥CEσ¯DEτFEσx−
∑
ρ∈Iε(σ,τ)
EρCEσ¯DEτFEσx
∥∥∥∥ < ε∑
σ∈Iε
|Iε(σ)|
.
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We obtain by (2.3),
∥∥∥∥ 1N3
N−1∑
k,m,n=0
UkAUmBUkCUnDUmFUnx− Sα;A,B,C,D,Fx
∥∥∥∥
≤5ε+
∑
σ∈Iε
∑
τ∈Iε(σ)
∑
ρ∈Iε(σ,τ)
∥∥∥∥
(
1
N
N−1∑
k=0
(ρU)k
)
A
(
1
N
N−1∑
m=0
(τU)m
)
×BEρCEσ¯DEτFEσx− Eρ¯AEτ¯BEρCEσ¯DEτFEσx
∥∥∥∥ .
Taking the limsup on both sides, we obtain the assertion by the mean
ergodic theorem (1.3), by taking into account the fact that ε > 0 is
arbitrary. 
4. an ergodic theorem for non invariant states
The present section concerns the generalization to the quantum case
of a well–known classical ergodic theorem due to H. Furstenberg, for
non invariant measures (cf. [8, 9]). Such a theorem has a natural
application to the noncommutative case of “diagonal measures”.
We start with a C∗–dynamical system
(
A, α, ϕ
)
, whose GNS covari-
ant representation is denoted as
(Hϕ, piϕ, U,Φ). Consider another state
ω ∈ S(A). Notice that ω is supposed in general to be neither invariant
under the action of α, nor normal w.r.t. ϕ. Let
(Hω, piω,Ω) be the
GNS representation of ω. Let B be a ∗–subalgebra of A.
The following definition is nothing but the generalization of Defini-
tion 4.4 of [9] to the quantum case.
Definition 4.1. The state ω is said to be generic for
(
A, α, ϕ
)
w.r.t.
B if for each B ∈ B,
lim
N→+∞
1
N
N−1∑
n=0
ω(αn(B)) = ϕ(B) .
Let E1 be the selfadjoint projection onto the invariant vectors for
the unitary U . Suppose that piϕ(B)Φ
⋂
E1Hϕ is dense in E1Hϕ.
Lemma 4.2. Under the above conditions,
(4.1) piϕ(B)Φ ∈ piϕ(B)Φ
⋂
E1Hϕ 7→ piω(B)Ω ∈ Hω
uniquely defines a partial isometry V : Hϕ 7→ Hω such that V ∗V =
E1Hϕ.
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Proof. It is enough to show that, under our assumptions, the map in
(4.1) is isometric. We get for each B ∈ B invariant under the action
of α, first by taking into account the invariance of B, and then the
genericity of ω,
‖piω(B)Ω‖2 ≡ ω(B∗B) ≡ 1
N
N−1∑
n=0
ω(αn(B∗B))
≡ lim
N→+∞
1
N
N−1∑
n=0
ω(αn(B∗B)) = ϕ(B∗B) ≡ ‖piϕ(B)Φ‖2 .

For A ∈ B(H), denote |A| := (A∗A)1/2. We need also the following
technical results.
Lemma 4.3. Let A1, . . . , An be bounded operators acting on the Hilbert
space H. Then ∣∣∣∣ 1n
n∑
k=1
Ak
∣∣∣∣
2
≤ 1
n
n∑
k=1
|Ak|2 .
Proof. The proof easily follows if one verifies A∗B+B∗A ≤ A∗A+B∗B.
But,
0 ≤ (A−B)∗(A− B) = A∗A +B∗B − (A∗B +B∗A) .

Lemma 4.4. Let {ak}k∈N ⊂ C be a bounded sequence. Then for each
fixed M ,
lim
N→+∞
(
1
MN
N−1∑
n=0
M−1∑
m=0
am+n − 1
N
N−1∑
n=0
an
)
at a rate depending on supk |ak|.
Proof. The proof follows by taking into account
∣∣∣∣ 1MN
N−1∑
n=0
M−1∑
m=0
am+n − 1
N
N−1∑
n=0
an
∣∣∣∣ ≤ (M − 1)(M + 2)MN supk |ak| .

The following theorem is nothing but the announced generalization
of Theorem 4.14 of [9] (see also [8]) to the quantum case.
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Theorem 4.5. Let ω be generic for
(
A, α, ϕ
)
w.r.t. a ∗–subalgebra B
which is globally stable under the action of α, and satisfies
piϕ(B)Φ
⋂
E1Hϕ = E1Hϕ .
Then for each B ∈ B,
lim
N→+∞
1
N
N−1∑
n=0
piω(α
n(B))Ω = V (piϕ(B)Φ) ,
V : Hϕ 7→ Hω being the partial isometry given in Lemma 4.2.
Proof. Let B ∈ B and ε > 0 be given. Choose a α–invariant Bε ∈ B
such that ‖(E1piϕ(B)− piϕ(Bε))Φ‖ ≤ ε. By the mean ergodic theorem
(1.3),
1
M
M−1∑
m=0
piϕ(α
m(B − Bε))
)
Φ −→ (E1piϕ(B)− piϕ(Bε))Φ .
Thus, for M sufficiently large,
ϕ
(∣∣∣∣ 1M
M−1∑
m=0
αm(B −Bε)
∣∣∣∣
2)
< ε2 .
Denote
Γ :=
1
M
M−1∑
m=0
αm(B − Bε) .
By hypotesis, Γ∗Γ ∈ B, and as ω is generic w.r.t. B,
1
N
N−1∑
n=0
ω(αn(Γ∗Γ)) −→ ϕ(Γ∗Γ) .
So, for each N sufficiently large,
1
N
N−1∑
n=0
ω(αn(Γ∗Γ)) < ε2 .
By applying Lemma 4.3, we have for a fixed M sufficiently large and
each N sufficiently large,
(4.2) ω
(∣∣∣∣ 1NM
N−1∑
n=0
M−1∑
m=0
αn+m(B − Bε)
∣∣∣∣
2)
< ε2 .
By taking into account Lemma 4.4, (4.2) becomes
ω
(∣∣∣∣ 1N
N−1∑
n=0
αn(B)− Bε
∣∣∣∣
2)
< ε2
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which means ∥∥∥∥ 1N
N−1∑
n=0
piω(α
n(B)−Bε)Ω
∥∥∥∥ < ε
for each large N . Thus, we obtain for each sufficiently large N ,∥∥∥∥ 1N
N−1∑
n=0
piω(α
n(B))Ω− V E1piϕ(B)Φ
∥∥∥∥ ≤
∥∥∥∥ 1N
N−1∑
n=0
piω(α
n(B)− Bε)Ω
∥∥∥∥
+
∥∥V (piϕ(Bε)− E1piϕ(B))Φ∥∥ < ε+ ∥∥(piϕ(Bε)− E1piϕ(B))Φ∥∥ < 2ε .

5. the case of “diagonal measures”
The present section is devoted to the natural generalization to the
quantum case of the celebrated result due to H. Furstenberg relative
to the diagonal measures (cf. [8], see also [9], Section 4.4).
We start with a C∗–dynamical system
(
A, α, ω
)
, together with its
GNS covariant representation
(H, pi, U,Ω). Denote M := pi(A)′′, the
von Neumann algebra acting on H generated by the representation
pi. The commutant von Neumann algebra is denoted as M ′. Suppose
further that the support s(ω) in A∗∗ is central.
LetM :=M⊗maxM ′ be the completion of the algebraic tensor prod-
uct N :=M ⊗M ′ w.r.t. the maximal C∗–norm (cf. [15], Section IV.4).
It is easily seen that on M the following two states are automatically
well–defined. The first one is the canonical product state
ϕ(A⊗ B) := 〈AΩ,Ω〉〈BΩ,Ω〉 , A ∈M , B ∈M ′ .
The second one is uniquely defined by
ψ(A⊗B) := 〈ABΩ,Ω〉 , A ∈M , B ∈M ′ .
The state ψ can be considered the (quantum analogue of the) “di-
agonal measure” of the “measure” ϕ.
On M is also uniquely defined the automorphism
γ := AdU ⊗ AdU2 ,
see [15], Proposition IV.4.7. Of course,
(
M, γ, ϕ
)
is a C∗–dynamical
system whose GNS covariant representation is precisely
(H⊗H, id ⊗
id, U ⊗ U2,Ω ⊗ Ω). Denote E1 the selfadjoint projection onto the
invariant vectors under U ⊗ U2. Notice that the ∗–subalgebra N is
globally stable under the action of γ.
In addition, again by Proposition IV.4.7 of [15],
σ(A⊗B) := AB , A ∈M , B ∈M ′ .
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uniquely defines a representation of M on H such that (H, σ,Ω) is
precisely the GNS representation of the state ψ.5
Proposition 5.1. Suppose that
(
A, α, ω
)
is ergodic. Then the state
ψ ∈ S(M) is generic for (M, γ, ϕ) w.r.t. N.
Proof. Let A ∈ M , B ∈M ′. Then by the mean ergodic theorem (1.3),
1
N
N−1∑
n=0
ψ(γn(A⊗B)) = 1
N
N−1∑
n=0
〈AUnBΩ,Ω〉
≡
〈
A
(
1
N
N−1∑
n=0
Un
)
BΩ,Ω
〉
−→ 〈AΩ,Ω〉〈BΩ,Ω〉 ≡ ϕ(A⊗B) .

Theorem 5.2. Let
(
A, α, ω
)
be an ergodic C∗–dynamical system such
that its support c(ω) in A∗∗ is central. Then with the above notations,
the following assertions hold true.
(i) Let
∑
j
Aj ⊗Bj be the generic element of N. The map
∑
j
AjΩ⊗ BjΩ ∈ NΩ
⋂
E1H⊗H 7→
∑
j
AjBjΩ ∈ H
uniquely defines a partial isometry V : H⊗H 7→ H such that
V ∗V = E1H⊗H.
(ii) For A ∈M , B ∈M ′,
lim
N→+∞
1
N
N−1∑
n=0
UnAUnBΩ = V (AΩ⊗BΩ) .
Proof. Define Σ := {(z, w) ∈ σpp(U)× σpp(U) : zw2 = 1}.
Then by Lemma 4.18 of [9],
E1 =
⊕
s∈Σ
EUzs ⊗EUws ,
EUz being the selfadjoint projection onto the eigenspace of U corre-
sponding to the eigenvalue z. As U is ergodic, by Proposition 2.2 EUz H
is one dimensional, and EUzsH and EUwsH are generated by VzsΩ, WwsΩ,
where Vzs and Wws are unitaries of Mzs , (M
′)ws respectively. Thus,
5Notice that, even if it is enough for our pourpose to consider M ⊗max M ′, all
these properties hold true forM⊗binM ′, the latter being the completion ofM⊗M ′
with the binormal C∗–norm (cf. [3]).
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EUzsH⊗EUwsH is one dimensional, and it is generated by VzsΩ⊗WwsΩ.
This means that NΩ
⋂
E1H⊗H is dense in E1H⊗H.
The assertions follow from Proposition 5.1 and Theorem 4.5, by tak-
ing into account that N is left globally invariant by AdU ⊗AdU2. 
The following results are a direct consequence of the previous one.
Corollary 5.3. Under the hypotheses of Theorem 5.2,
(5.1) s−lim
N→+∞
1
N
N−1∑
n=0
UnAUn = V (AΩ⊗ · ) ,
for each A ∈M ⋃M ′.
Proof. By a standard density argument, if A ∈ M , the proof follows
from Theorem 5.2, by taking into account that Ω is cyclic from M ′.
The proof for A ∈ M ′ follows by exchanging the role between M and
M ′. 
By taking into account Proposition 2.1 and Proposition 2.2, it is
straightforward to verify that (5.1) for A ∈ M ⋃M ′ coincides with
(3.1) when U is almost periodic and ergodic.6 Namely,
Ez = 〈 · , VzΩ〉VzΩ = 〈 · ,WzΩ〉WzΩ
for unitaries Vz, Wz in Mz, (M
′)z respectively. Then
=
∑
w∈σpp(U)
Ew¯AEwξ =
∑
w∈σpp(U)
∑
{z∈σpp(U) : zw2=1}
EzwAEwξ
≡
∑
{z,w∈σpp(U) : zw2=1}
EzwAEwξ
=
∑
{z,w∈σpp(U) : zw2=1}
〈ξ,WwΩ〉〈AWwΩ, VzWwΩ〉VzWwΩ
=
∑
{z,w∈σpp(U) : zw2=1}
〈AΩ, VzΩ〉〈ξ,WwΩ〉VzWwΩ
=V (AΩ⊗ ξ) .
Corollary 5.4. Under the hypotheses of Theorem 5.2,
lim
N→+∞
1
N
N−1∑
n=0
ω
(
A0α
n(A1)α
2n(A2)
)
= 〈V (pi(A1)Ω⊗ pi(A2)Ω) , pi(A∗0)Ω〉 .
6Notice that in this situation, σpp(U) = σ
a
pp(U), with σ
a
pp(U) given in (2.1), and
σ(U) = σpp(U).
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Proof. A simple application of Corollary 5.3. 
Suggested by the Abelian situation (cf [9], pag. 96), one can ask for
the convergence of the Cesaro mean
(5.2)
1
N
N−1∑
n=0
pi
(
αnm1(A1)α
nm2(A2)
)
Ω
for the other cases with fixed 0 < m1 < m2. Starting from
lim
N→+∞
1
N
N−1∑
n=0
〈
AUn(m2−m1)BΩ,Ω
〉
=
∑
{z∈σpp(U) : zm2−m1=1}
〈AEzBΩ,Ω〉(5.3)
whenever A ∈ pi(A)′′, B ∈ pi(A)′, in order to apply Theorem 4.5 one
firstly demand if (5.3) uniquely defines a state on pi(A)′′ ⊗max pi(A)′.
Such a state will be necessarily invariant under the action of AdUm1 ⊗
AdUm2 . This is certainly true when #{z ∈ σpp(U) : zm2−m1 = 1} is
finite.
After verifying the remaining hypotheses of Theorem 4.5, one might
argue that the Cesaro mean in (5.2) converges, at least when the sub-
space consisting of all the invariant vectors for Um2−m1 is finite dimen-
sional. We end with the simplest case of weakly mixing dynamical
systems. Then we have an alternative proof of (a weaker result than)
Theorem 1.3 of [12], following the line of Theorem 5.2.
Proposition 5.5. Let
(
A, α, ω
)
be a weakly mixing C∗–dynamical sys-
tem such that its support c(ω) in A∗∗ is central, and 0 < m1 < m2
natural numbers.
Then with the above notations,
s−lim
N→+∞
1
N
N−1∑
n=0
Unm1AUnm2 = 〈AΩ,Ω〉〈 · ,Ω〉Ω ,
for each A ∈M ⋃M ′.
Proof. We apply Theorem 4.5 by considering
γ := AdUm1 ⊗AdUm2 .
Indeed, E1H⊗H = CΩ ⊗ Ω where E1 is the selfadjoint projection
onto the invariant vectors under Um1 ⊗ Um2 . In addition, if A ∈ M ,
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B ∈ M ′,
1
N
N−1∑
n=0
ψ(γn(A⊗ B)) = 1
N
N−1∑
n=0
〈AUn(m2−m1)BΩ,Ω〉
−→ 〈AΩ,Ω〉〈BΩ,Ω〉 ≡ ϕ(A⊗ B) .

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